Introduction.-This paper is concerned with the study of the resolvent kernels and solutions of Volterra and Fredholm integral equations as functionals of the given kernels. A study is made of the completely integrable equations in Frechet differentials characterizing these functionals of the kernels. The investigations have immediate application to the problem of obtaining approximations to the resolvent kernels and the solutions of integral equations with precise estimates of the errors. The above results are applied to differential corrections for some differential equations. As an important by-product we obtain a solution of a century-old problem in non-commutative analysis. We assume that the reader is conversant with the fundamental theorems on Fr6chet differentials of functionals. 1 . Resolvent Kernels and Solutions of Volterra Integral Equations as Functionals of the Kernels.-Consider the Volterra integral equation of the second kind f(x) = y(x) + faxK(xv t)y(t)dt(T:a < t < x < b) (1) with continuous kernel in T and continuousf(x) in (a, b). The well-known unique continuous solution y(x) of equation (1) 
where the resolvent kernel k(x, t) has the expansion k(x, t) = -K(x, t) + K2-_ Ks + --+ *(3) in terms of the composition powers of the kernel K(x, t): (2) . Take the Fr6chet differential of both sides of (1) and obtain
If we solve this Volterra integral equation of the second kind for Sy[K/i], we obtain a result which can be reduced to the form
VOL. &I, 1945 In the above discussion it is -understood that the Frechet differential 6y[Klx] is defined for a functional y [Klx] with values in the well-known Banach space of continuous functions of x. Results (5) and (9) for one Volterra integral equation can, by an evident change of interpretation of notation, be shown to hold for a system of n Volterra integral equations of the second kind in n unknowns. If the system of equations is written as (1) with f(x) and y(x) as column matrices of functions of x and K(x, s) as the n-rowed square matrix of the n2 kernels, then in (2), k(x, t) will stand for the n-rowed square matrix of the n2 resolvent kernels. In (5) products are to be interpreted as combined matric and integral composition products of the first kind; for example, k5K will stand for Jfxk,(x, s)5K7(s, t)ds with the summation convention operating on indices. In (9), products of functions will be matric products.
The Completely Integrable Total Differential Equations in Fr&chet
Differentials of Functionals.-Let us now return to the one Volterra integral equation (1) and inquire into the properties of the functional equations (5) and (9) satisfied, respectively, by the resolvent kernel and the solution of (1) as functionals of the kernel K(x, t).
It can be shown from (5) 
.). (11)
The total differential equations (5) and (9) are completely integrable since the condition for integrability is identically satisfied in all continuous K, k, 51K, 52K (considered as independent variables) in T. Although equations (5) and (9) are completely integrable for all continuous kernels K in T, the existence and uniqueness theorems2 in normed linear spaces of Michal and Elconin are not strong enough to insure the unicity of the solution taking on arbitrary initial conditions. We can, however, give an argument which will furnish uniqueness theorems for functional equations (5) (1) has a unique entire analytic functional solution given by
the solution of the Volterra integral equation (1) .
In this theorem we understand that the definitic,ns of Fr6chet differentials and analytic functionals for Z [Klx] are given with the independent variable K(x, t) ranging over the Banach space of the previous theorem while the value space is the Banach space of functions of x continuous in the interval a < x < b and having as norm the maximum of the absolute value of the function over the interval. The details of proof are facilitated by writing the differential system as
and by writing A *w for the bilinear functional JaXA (x, t)w()d#. is equivalent to an integral equation (1) = yo + fXQ(t)dt. (2) As another simple example we take the differential system 
This is equivalent to the matric Volterra integral equation
where K(x, t) = -A = -I a; |, the matrix of the constants aj.
If we write the solution of (25) The proof of this theorem6 differs from the power series proof for the corresponding result in Volterra integral equations.
The correspondent of Theorem 3 can be proved by entirely analogous methods. We shall state it as THEOREM 6. There is one and only one solution of the completely integrable system in Frechet differentials SZ 
